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Coupling between tilt and polar orders in liquid crystal phases formed from achiral
bent shaped molecules
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A phenomenological description is given of the mesophases which may arise below a liquid formed from
achiral molecules possessing a transverse dipole, as the result of a coupling between their tilt and polar orders.
Six stable mesophases are found. Two of them have a cholesteric biaxial structure. The others display antifer-
roelectric or ferrielectric, incommensurately modulated, structures with in-plane or out-of-plane spontaneous
polarization. The in-plane polarized structures become unstable under application of a longitudinal electric
field. Other field-induced effects are discussed.

PACS number~s!: 61.30.Cz, 77.84.Nh
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I. INTRODUCTION

After having been the subject of discussions in prelim
nary studies@1,2# the possibility of obtaining chiral liquid
crystal phases by the spontaneous organization of ac
molecules was demonstrated experimentally@3,4#. Antiferro-
electric smectic domains formed from molecules with b
cores that are achiral were obtained, with two types of til
configurations displaying alternate or identical handedn
from layer to layer@4#. Subsequently the synthesis of a v
riety of liquid crystal compounds with ‘‘banana’’ shape
molecules was reported@5#, showing different phases with
homogeneous@3–6# or helical @7# structures.

Within the smectic layers the bent geometry of the m
ecules allows a polar order perpendicular to the directorn̂,
defined as the average direction of the long axes which
along the line joining the two ends of the bent molecul
The molecules may also have a tilted organization with
spect to the layer normal, with a wave vectork̂. Therefore,
the molecular configurations result from the coupling of tw
symmetry breaking instabilities, which are the polar orien
tional order and the molecular tilt. Depending on the nat
of the parent paraelectric phase these two instabilities p
sess either different or identical symmetries.

~1! Starting from a parent smectic-A (SmA) phase of
achiral point groupD`h, in which the bent molecules rotat
freely around their long axes, the polar and tilt orders
associated with distinct two-component order parame
which are biquadratically coupled. Such a situation was c
sidered by Royet al. @8#, who showed that five differen
smectic configurations of the achiral molecules within t
smectic layers could be stabilized. Two of these configu
tions possess a spontaneous longitudinal polarization, c
patible with then̂→2n̂ symmetry, and give rise to remark
able field effects@8#.

~2! Assuming a parent liquid state, as reported experim
tally up to now@3–7#, the polar and tilt orders have the sam
symmetry, corresponding to four-component order para
eters related by a bilinear coupling. Taking into account o
the polar order, Lorman and Mettout@9# described theoreti-
cally the resulting ordered phases, which have the struc
PRE 621063-651X/2000/62~4!/5143~11!/$15.00
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of a vector wave with transverse linear, circular, or ellip
polarizations. In their study these authors neglected the
fluence of the tilt order, considering that the condensation
the tilt wave necessarily induces the polarization wave, a
vice versa@9#.

The aim of the present paper is to extend the work of R
@9#, showing that in contrast to the preceding presupposit
the coupling of the tilt and polar waves, in a liquid forme
from achiral bent shaped molecules~or any achiral molecules
permitting a transverse polar order!, allows stabilization of
additional stable phases, displaying remarkable effects
particular we show that taking into account the coupling b
tween the two instabilities leads to antiferroelectric and f
rielectric phases which possess a longitudinal componen
the polarization, compatible with then̂→2n̂ symmetry. The
paper is organized as follows. In Sec. II the homogene
equilibrium molecular configurations which may form belo
the liquid are worked out. In Sec. III the corresponding ma
roscopic structures are described, considering the inhom
neous couplings between the tilt and polar waves, as we
the homogeneous coupling which results in a smectic ord
ing. In Sec. IV the influence of an applied, longitudinal,
transverse electric field on the different mesophase struct
is discussed. Finally~Sec. V!, we summarize our results, an
briefly discuss the available experimental data on ‘‘banan
shaped molecular systems.

II. EQUILIBRIUM MOLECULAR CONFIGURATIONS

We start from a liquid state formed from achiral pol
molecules, and assume that as the medium is cooled a
sition takes place to a phase resulting from the simultane
condensation of a transverse axial vector wave~expressing
the molecular tilt with respect to thek̂ direction! and a polar
vector wave. The axial vector wave of molecular tilt can
defined as

jW~z!5@jx cos~kz1w̃x!#ẽ
W

x1@jy cos~kz1w̃y!#ẽW y , ~1!

where the coordinatez is taken along thek̂ direction, and
uk̂u5k. jx andjy are the transverse wave amplitudes.w̃x and
5143 ©2000 The American Physical Society
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FIG. 1. Local molecular configuration assoc
ated with~a! in-phase and~b! opposed-phase tilt
and polar waves.
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w̃y are the initial phases.ẽW x and ẽW y are axial unit vectors in
the plane perpendicular tok̂. The polar vector wave can b
written in the general case as the sum of transverse and
gitudinal components,PW (z)5PW t(z)1PzeW z ,eW z being the unit-
vector alongz, where the transverse component is defined
a similar way asjW (z):

PW t~z!5@Px cos~kz1wx!#eW x1@Py cos~kz1wy!#eW y . ~2!

Px andPy are the polar-wave amplitudes, andeW x andeW y the
unit vectors in the direction perpendicular tok̂.

Assuming thek̂ direction to be determined,jW (z) and
PW t(z) transform as the same four-dimensional irreduci
representation of the Euclidean symmetry groupO(3)3R3,
denotedGk̂ , whose generating 434 matrices are given in
the Appendix. Using the notation of Ref.@9#, the four com-
ponents of the corresponding irreducible order parame
can be written for jW (z) as j15jxe

i w̃x2 i jye
i w̃y, j2

52jxe
2 i w̃x1 i jye

2 i w̃y, j35j1* , and j45j2* . For PW t(z),
one has h15Pxe

iwx2 iPye
iwy, h25Pxe

2 iwx2 iPye
2 iwy,

h35h1* , andh45h2* . Using the transformation propertie
of thej i andh i ( i 5124) components byGk̂ , one finds the
following independent invariants:

I 15j1j1* 1j2j2* 52~jx
21jy

2!,

I 25j1j1* j2j2* 5I 1
224jx

2jy
2 sin2~ w̃x2w̃y!,

I 185h1h1* 1h2h2* 52~Px
21Py

2!, ~3!

I 285h1h1* h2h2* 5I 18
224Px

2Py
2 sin2~wx2wy!,

I 35h1j1* 1h1* j12h2j2* 2h2* j2

54@Pxjx cos~wx2w̃x!1Pyjy cos~wy2w̃y!#.

In addition, the coupling between the longitudinal comp
nentPz and the transverse axial and polar vector waves

I 45Pz@h1j1* 2h1* j11h2j2* 2h2* j2#

54Pz@Pxjx sin~wx2w̃x!1Pyjy sin~wy2w̃y!#. ~4!

Therefore, one can write the homogeneous part of the f
energy densityFh describing transitions from the liquid sta
n-

n

e

rs

-

e-

as a function of the amplitude componentsjx , jy , Px , Py ,
and Pz , and dephasings between the transverse axial
polar wavesw15wx2w̃x andw25wy2w̃y . Restricting our-
selves to the fourth degree monomials in the amplitude co
ponents, one has

Fh~jx ,jy ,Px ,Py ,Pz ,w1 ,w2!

5
a1

2
~jx

21jy
2!1

b1

4
~jx

21jy
2!21

b2

2
jx

2jy
2 sin2~ w̃x2w̃y!

1
a1

2
~Px

21Py
2!1

b1

4
~Px

21Py
2!2

1
b2

2
Px

2Py
2 sin2~wx2wy!

1d1@Pxjx cosw11Pyjy cosw2#

1
d2

2
@~jx

21jy
2!~Px

21Py
2!#1

d3

2
@Pxjx cosw1

1Pyjy cosw2#21mPz@Pxjx sinw11Pyjy sinw2#

1
1

2x33
o

Pz
2 , ~5!

where a1 , b1 , b2 , a1 , b1 , b2 , d1 , d2 , d3 , m, and
x33

o are phenomenological coefficients, which are assume
be constant excepta15ao(T2Tc) anda15ao(T2Tc). The
dephasings (w̃x2w̃y) and (wx2wy) are determined by the
equilibrium conditions

jx
2jy

2 sin~ w̃x2w̃y!cos~ w̃x2w̃y!50 and

Px
2Py

2 sin~wx2wy!cos~wx2wy!50, ~6!

which for jxjyÞ0 andPxPyÞ0 yield the equilibrium values
w̃x2w̃y5p/2 and wx2wy5p/2, the solutionsw̃x5w̃y and
wx5wy corresponding to unstable states.

Minimization of Fh with respect toPz gives the equilib-
rium value

Pz
e52mx33

o @Pxjx sinw11Pyjy sinw2#, ~7!

showing that forw1Þ(0,p) or ~and! w2Þ(0,p), i.e., for tilt
and polar transverse waves which are not in phase o
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FIG. 2. Structure of the molecular configura
tions I, II, and III. ~a! Circularly polarized con-
figuration I, which gives rise to a biaxial choles
teric macroscopic structure of achiral symmet
D` . ~b! Linearly polarized configuration II,
which yields an antiferroelectric bilayer smect
structure for the mesophase. Each bilayer has
achiral symmetrymma. The macroscopic result
ing symmetry ismm2. ~c! Elliptically polarized
configuration III. The chiral symmetryP2122 of
each bilayer is lowered toP2 under the effect of
the long period modulation.
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phase opposition, there exists a nonzero longitudinal com
nent of the total polarization. IntroducingPz

e in Eq. ~5! and
minimizing Fh with respect tow1 and w2, one obtains the
equations of state

PxjxFsinw1S d11
d3

4
I 3D2m cosw1Pz

eG50,

~8!

PyjyFsinw2S d11
d3

4
I 3D2m cosw2Pz

eG50,

whereI 3 andPz
e are given by Eqs.~3! and~7!, respectively.

Equations~8! and the minimization ofFh with respect to
jx , jy , Px , and Py show that, in addition to the paren
liquid state (jx5jy50,Px5Py50), two classes of equilib-
rium molecular configurations can be distinguished.

~1! A first class is defined by the conditions sinw1
5sinw250. The transverse tilt and polar waves are in ph
(w̃x5wx) or in phase opposition (w̃x5wx1p,w̃y5wy1p),
as represented in Figs. 1~a! and 1~b!. As a consequencePz

e

50, and the total polarization is transverse (PW 5PW t), colinear
to jW , and normal to the plane formed byk̂ and n̂ and the
projectioncW of n̂ in the (x,y) plane, i.e., the tilt occurs by a
rotation of the molecules around the common in-plane dir
tion determined byjW and PW . A further minimization ofFh
with respect to the componentsjx , jy , Px , andPy shows
that thejW and PW vectors can be differently polarized in th
plane perpendicular tok̂.

~i! For jx5jy5joÞ0 and Px5Py5PoÞ0, taking into
account the conditionsw̃y5w̃x1(p/2) andwy5wy1(p/2),
one has jW5jo@cos(kz1w̃x)eWx1sin(kz1wW x)wW y# and PW t

5Po@cos(kz1wx)eWx1sin(kz1wx)eWy# defining circularly po-

larized transverse waves. Along z the jW and PW vectors de-
scribe concentric spirals with circular projections in t
(x,y) plane and a periodicity 2p/k @Fig. 2~a!#. In terms of
the j i and h i components such a configuration~denoted I
hereafter! corresponds to the conditionsuj1uÞ0,uh1uÞ0 and
uj2u50,uh2u50, or equivalently to uj1u50,uh1u50 and
uj2uÞ0,uh2uÞ0.

~ii ! For jx5joÞ0,jy50 and Px5PoÞ0,Py50 ~or
equivalentlyjyÞ0,jx50 and PyÞ0,Px50), Eqs.~1! and
~2! have the simple forms jW5jo coskz eWx and PW t

5Po coskz eWx , which describelinearly polarized transverse
waves, varying periodically, with a periodicity 2p/k alongz,
o-

e

-

as shown in Fig. 2~b!. The j i and h i variables obey the
conditionsuj1u25uj2u2 and uh1u25uh2u2 for this configura-
tion, denoted II hereafter.

~iii ! For jxÞjyÞ0 andPxÞPyÞ0, Eqs.~1! and ~2! and
the conditionsw̃y5w̃x1(p/2) and wy5wx1(p/2) corre-
spond toelliptically polarized transverse waves, displaying a
modulation of periodicity 2p/k along z for the long and
short axes of the ellipses@Fig. 2~c!#. Here the equilibrium
relationshipsuj1uÞuj2uÞ0 and uh1uÞuh2uÞ0 are fulfilled.
This configuration will be denoted III.

~2! A second class of equilibrium configurations is sta
lized for sinw1

e5sinw2
eÞ0, thus corresponding to arbitrar

dephasings (w̃x2wx)5(w̃y2wy)Þ(0,p). From Eqs.~8! one
can deduce thatw1

e and w2
e are temperature dependent, i.e

the relative orientation of the transverse tilt and polar wa
jW and PW t vary with temperature. On the other hand Eq.~7!
shows that a nonzero component of the longitudinal po
ization takes place:Pz

eÞ0. Hence the total polarizationPW

has the orientation shown in Figs. 3~a! and 3~b!: it is normal
to n̂ and fulfill the n̂→2n̂ symmetry requirement. In othe
words, the tilt mechanism corresponds here to an inclina
of the molecules with respect to thez axis, within the (cW ,kW )
plane, wherekW here is a vector since thekW→2kW symmetry
of the phase is broken. MinimizingFh with respect to
jx , jy , Px , and Py again yields three stable molecula
configurations, denoted I8, II8, and III8, which correspond to
transverse waves which are circularly, linearly, and ellip
cally polarized, as for configurations I, II, and III. Thus in th
configurations I8 and III8, which are stabilized for (jx5jy

and Px5Py) and (jxÞjy ,PxÞPy), respectively, thejW and
PW vectors describe circular and elliptic dephased spir
which are shifted with respect to one another alongz, as
shown in Figs. 4~a! and 4~c!. The configuration II8 which
corresponds to

cosw1
e52

d1~d31m2x33
o !21

Pxjx

and (jxÞ0,jy50,PxÞ0,Py50), coincides with a transvers
wave linearly polarized, but showing acantingof the polar-
ization PW with respect to thez direction @Fig. 4~b!#.

Table I summarizes the equilibrium properties of the
configurations enumerated here above. Configurations I
and III coincide with the ordered states described theor
cally in Ref. @9#. Note that we have considered exclusive
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FIG. 3. Local molecular configuration assoc
ated with dephased tilt and polar transver
waves.~a! and ~b! show configurations with op-
posed polarizations.
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the configurations which result from a coupling between
and polar orders, assuming that the nonzero (jx ,jy) and
(Px ,Py) components appear simultaneously at the sa
critical temperatureTc , as is usually observed in ferroele
tric or antiferroelectric smectic phases. Indeed, the mini
zation of the free-energyFh also leads to stable states
which the tilt and polar orders are uncoupled and may app
at distinct critical temperatures. Thus forw15w256p/2,
one finds two additional states, which have been also
cluded in Table I:~i! State IV, corresponding tojx5jy50
and Px

25Py
25@2a1 /(2b11b2)#, which coincides with a

circularly polarized SmA-type phase having the achiral sym
metry C2v . Hence, it is a biaxial phase with a transver
polar order.~ii ! State V, obtained forPx5Py50 and jx

2

5jy
25@2a1 /(2b11b2)#, which is associated with a SmC

achiral layer configuration of monoclinic symmetryC2h .
The absence of average transverse polarization in this
figuration can be figured as resulting from an isotropic ro
tion of the molecules around the directors. Since we aim
analyze the coupling effects between tilt and polar orde
states IV and V will not be further discussed, except in S
III D.

III. MACROSCOPIC STRUCTURES OF THE
MESOPHASES

A. Induced layer ordering

Let us first analyze the compatibility of the equilibriu
molecular configurations found in Sec. II, with a layer ord
The onset below the liquid phase of a layer ordering in
t

e

i-

ar

-

n-
-
o
s,
.

.
e

direction normal tok̂ corresponds to the condensation of
scalar density wave associated with a two-component o
parameterc5ucuei ( k̂•rW1a) ~andc* ), which transforms as a
two-dimensional irreducible representation of the Euclide
symmetry group, denotedEk in Ref. @10#. In our description,
nonzero spontaneous values ofc are induced by the ‘‘pri-
mary’’ tilt and polar-wave order parameters (j i) and (h i),
and therefore result from the existence of coupling invaria
which are linear inc. Using the transformation properties o
the irreducible representationsGk andEk ~whose generating
matrices are given in the Appendix!, one finds that the lowes
degree invariants correspond toc5ucuei (2kz1a), i.e., when
the induced layer ordering possesses a wavelength with
the period of the transverse tilt and polar waves. Three in
pendent invariants are found:

I 55j1j2* c* 1j2j1* c

52ucu@jx
2 cos~2w̃x2a!1jy

2 cos~2w̃y2a!#,

I 585h1h2* c* 1h2h1* c

52ucu@Px
2 cos~2wx2a!1Py

2 cos~2wy2a!#, ~9!

I 65~2h1j2* 1h2* j1!c* 1~h2j1* 2h1* j2!c

54ucu@Pxjx cos~wx1w̃x2a!1Pyjy cos~wy1w̃y2a!#.

The equilibrium values ofucu, arising below the liquid,
are obtained by minimizing the following contribution to th
Landau free-energy, with respect toucu:
-

ial

e

m-
FIG. 4. Structure of the molecular configura
tions I8, II8, and III8. ~a! Configuration I8 with
circularly polarized transverse waves and biax
cholesteric structure of chiral symmetryP21. ~b!
Bilayer smectic structure of the configuration II8
with linearly polarized transverse waves. Th
achiral symmetry isPmm2 for the bilayer andm
for the macroscopic structure.~c! Bilayer smectic
structure of the configuration III8, with ellipti-
cally polarized transverse waves. The chiral sy
metry is P2 for the bilayer andP1 for the mac-
roscopic structure.
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TABLE I. Equilibrium molecular configurations which may arise below an isotropic liquid formed from achiral molecules with
verse dipoles, as the result of a coupling between their tilt and transverse polar orders. The columns have the following meaning:~a! labeling
of the mesophases;~b! equilibrium dephasing between the tilt and transverse polar waves, and corresponding relationship between th
amplitudes;~c! equilibrium value of the longitudinal spontaneous polarization; and~d! type of polarization of the tilt and polar waves. Stat
IV and V correspond to uncoupled waves.

~a! ~b! ~c! ~d!

I

II

III
J w̃x2wx5w̃y2wy50,p Hjx5jy ,Px5Py

jxÞ0,jy50,PxÞ0,Py50

jx
2Þjy

2 ,Px
2ÞPy

2
J Pz

e50

circular

linear

elliptic

I8

II 8

III 8
J w̃x2wx5w̃y2wyÞ0,p Hjx5jy ,Px5Py

jxÞ0,jy50,PxÞ0,Py50

jx
2Þjy

2 ,Px
2ÞPy

2
J Pz

eÞ0

circular

linear

elliptic

IV

V J w̃x2wx5w̃y2wy56
p

2
Hjx5jy50,Px5PyÞ0

jx5jyÞ0,Px5Py50,J Pz
e50

circular

circular
o
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f
s

e
n
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e
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Fe~ ucu,jx ,jy ,Px ,Py ,w̃x ,w̃y ,wx ,wy!

5
g

2
ucu21n1I 51n2I 581n3I 6 . ~10!

This gives

ucue5F2
1

g
~n1I 51n2I 581n3I 6!G1/2

. ~11!

Introducing successively in Eq.~11! the equilibrium val-
ues of the variational parameters for each of the stable c
figurations I–III and I8–III 8, as given in Table I, yields the
following conclusions. For the four configurations II, III, II8,
and III8 one hasI 5Þ0, I 58Þ0, and I 6Þ0, and therefore
ucueÞ0. These configurations necessarily lead to the form
tion of a layer order, whose periodicity is half the period o
the tilt and polar waves. In contrast, for the configuration
and I8, one findsI 55I 585I 650, i.e.,no layer order occurs
for coupled transverse tilt and polar circular waves.

B. Incommensurate modulations

In order to describe the long-range order for the m
sophases having the local molecular configurations I–III a
I8–III 8, one needs to take into account the interactions
tween the molecules along thez direction, which is ex-
pressed phenomenologically by the inhomogeneous parFi
of the free-energy density. Using the transformation prop
ties of thej i andh i components, and restricting ourselves
the inhomogeneous terms which are quadratic in those c
ponents, one finds three types of contributions toFi :

~i! The Lifshits invariants, which express the depende
on z of the order-parameter components:

I 75S j1

]j1*

]z
2 j1*

]j1

]z D 1S j2*
]j2

]z
2j2

]j2*

]z D
; jx

2 ]w̃x

]z
1jy

2 ]w̃y

]z
, ~12!
n-

-

I

-
d
e-

r-

-

e

I 785S h1

]h1*

]z
2h1*

]h1

]z D 1S h2*
]h2

]z
2h2

]h2*

]z D
;Px

2 ]wx

]z
1Py

2 ]wy

]z
.

~ii ! The direct and inverse flexoelectric coupling inva
ants:

I 85S j1

]h1*

]z
2j1*

]h1

]z D 1S j2

]h2*

]z
2j1*

]h2

]z D
;jx

]Px

]z
sinw11jy

]Py

]z
sinw21Pxjx

]wx

]z
cosw1

1Pyjy

]wy

]z
cosw2 ,

~13!

I 885S h1

]j1*

]z
2h1*

]j1

]z D 1S h2

]j2*

]z
2h2*

]j2

]z D
;Px

]jx

]z
sinw11Py

]jy

]z
sinw22Pxjx

]w̃x

]z
cosw1

2Pyjy

]w̃y

]z
cosw2.

~iii ! The Ginzburg invariants which reflect the elastic e
ergy:

I 95
]j1

]z

]j1*

]z
1

]j2

]z

]j2*

]z
; S ]jx

]z D 2

1S ]jy

]z D 2

1jx
2S ]w̃x

]z
D 2

1jy
2S ]w̃y

]z
D 2

,
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I 985
]h1

]z

]h1*

]z
1

]h2

]z

]h2*

]z
; S ]Px

]z D 2

1S ]Py

]z D 2

1Px
2S ]wx

]z D 2

1Py
2S ]w̃y

]z
D 2

, ~14!

I 105S ]h1

]z

]j1*

]z
1

]h1*

]z

]j1

]z D 2S ]h2

]z

]j2*

]z
1

]h2*

]z

]j2

]z D
;S ]Px

]z

]jx

]z
1Pxjx

]wx

]z

]w̃x

]z
D cosw1

1S ]Py

]z

]jy

]z
1Pyjy

]wy

]z

]w̃y

]z
D cosw2

1S Px

]jx

]z

]wx

]z
2jx

]Px

]z

]w̃x

]z
D sinw1

1S Py

]jy

]z

]wy

]z
2jy

]Py

]z

]wy

]z D sinw2.

Therefore the inhomogeneous free energy density has
form

Fi~jx ,jy ,Px ,Py ,w̃x ,w̃y ,wx ,wy!

5m1I 71m18I 781m2I 81m28I 881K1I 91K18I 981K2I 10,

~15!

where m1 , m18 , m2 , m28 , K1 , K18 , and K2 are phenom-
enological coefficients. One can pose

]w̃x

]z
5

]w̃y

]z
5

]wx

]z
5

]wy

]z
5q, ~16!

where q is a modulation wave vector, and assume for
three configurations thatjx , jy , Px , and Py are slowly
varying periodic functions of z, with the periodicity
(2p/q)(q!k). Taking

jx5jo cosqz, jy5jo sinqz,

Px5Po cosqz, Py5Po sinqz ~17!

one can then express the homogeneous and inhomogen
parts of the free-energy density as

Fh5
a1

2
jo

21
jo

4

2 S b1 1
b2

2
cos2 qzsin2 qzD1

a1

2
Po

2

1
Po

4

2 S b11
b1

2
cos2 qzsin2 qzD

1d1joPo@cos2 qzcosw11sin2 qzcosw2#1
d2

2
jo

2 Po
2

1
d3

2
jo

2Po
2@cos2 qzcosw11sin2 qzcosw2#2

1mPzjoPo@cos2 qzsinw11sin2 qzsinw2#1
1

2x33
o

Pz
2 ,

~18!
he

e

ous

Fi5q2@2~K1jo
21K18Po

2!1K2joPo~cosw11cosw2!#

1q$~m1jo
21m18Po

2!1joPo@~m21m28!

3sinqzcosqz~sinw22sinw1!1~m22m28!

3~cos2qzcosw11sin2 qzcosw2#%, ~19!

minimization of the total free-energyF5*(Fh1Fi)dz with
respect toq yields the equilibrium values

qe52
1

4

@m1jo
21m18Po

21~m22m28!Pojo#

@K1jo
21K18Po

21K2Pojo#
~20!

for phases I, II, and III. Using the approximations

jo .Fao~Tc2T!

2b11b2
G1/2

and

Po.Fao~Tc2T!

2b11b2
G1/2

shows that in those phases there is aconstantlong-period
modulation, of periodicity 2p/qe, which is incommensurate
with the wave period 2p/k. For phases I8, II8, and III8, one
finds

q8e
52

1

4

~m1jo
21m18Po

2!

@K1jo
21K18Po

21K2Pojo cosw1#
, ~21!

which depends on temperature via the anglew1. Therefore,
the long-period modulation is temperature dependent. N
that the preceding results were obtained using first appr
mations, and the lowest-degree inhomogeneous terms.
ing into account higher-degree gradient invariants or l
stringent approximations would lead to more complex b
haviors.

C. Structure and nature of the mesophases

We are now able to describe the structure of the m
sophases corresponding to the six equilibrium molecu
configurations disclosed in Sec. II. Denoting the mesopha
as the corresponding configurations, the structures can
depicted as follows:

(a) Mesophases I and I8. In mesophase I the directorn̂
and transverse polarizationPW t describe two concentric spiral
around thez axis with a circular basis, as shown in Fig. 2~a!.
Since there is no layer order the mesophase has abiaxial
cholesteric structurewith a chiral symmetryD` . Along the
z direction one has the superimposition of two incommen
rate modulations with constant periodicities 2p/k and 2p/qI

e

@whereqI
e is given by Eq.~20!#. This destroys the strict an

tiferroelectric character of the structure that would exist
the absence of the incommensurate modulation, and in
ticular the discrete helical rotations$ tWw/k%, where cw is a
rotation aroundz of anglew, and tWw/k a discrete translation
along z. Note that biaxial cholesteric phases have been
ready found experimentally in lyotropic systems@11,12#.
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At variance with mesophase I, mesophase I8 possesses a

longitudinal componentPz for the total polarizationPW . PW is

located within the tilt plane (n̂,k̂) at an angle (p/2)2u with

k̂, and therefore fulfills then̂→2n̂ symmetry but not the

up-down (k̂→2 k̂) symmetry of the layers. Hence the m
sophase has a biaxial cholesteric structure of chiral p
symmetryP21, represented in Fig. 4~a!, and formed by two

concentric spirals associated with the vectorsjW andPW . Note
that the structure may split into mesoscopic domains of
posed polarities6 Pz corresponding to opposed-phase co

figurations forjW and PW t . Due to the influence of the modu
lation wave of period 2p/q8e, which varies with the
temperatureT, the periodicity alongz is destroyed and an
overall chiral polar symmetryC` is restored for the macro
scopic structure, with an incommensurate layer periodici

(b) Mesophases II and II8. Mesophase II corresponds t
an antiferroelectric bilayer structure, as shown in Fig. 2~b!,
with opposed tilt and transverse polarizations in two succ
sive layers. It coincides in average with a SmCA* type struc-
ture found in sticklike antiferroelectric systems@13#. How-
ever, since the molecular orientation distribution functi
follows a sinusoidal wave alongz, the structure should diffe
from that of a standard SmCA* mesophase by large fluctua
tions of the tilt and polarization around their average orie
tations. One has anachiral orthorhombic symmetrymmafor
the bilayers, each layer being a glide plane~a!. The incom-
mensurate modulationqe given by Eq.~20!, which varies
with T, destroys the strict bilayer periodicity, and, since t
orientation of the tilt and polarization vectorsjW and PW t is
arbitrary in the (x,y) plane, it gives rise to a long-perio
spiral, i.e.,jW andPW t rotate slightly from one layer to anothe

Similar considerations apply to mesophase II8, which dif-
fers from mesophase II by the orientation of the polarizat
PW . The existence of a longitudinal componentPz makes the
structure to be ferroelectrically ordered alongz. As a result
the transverse twofold rotations are lost and the symmetr
a bilayer is lowered toPmm21, violating thek̂→2 k̂ sym-
metry. An analogous bilayer structure was predicted theor
cally for sticklike molecules in Ref.@14#. The modulation
wave-vectorq8eyields again a long pitch spiral rotation of th
molecules which destroys the strict bilayer periodicity@Fig.
4~b!#.

(c) Mesophases III and III8. Mesophase III has a basi
ferrielectric bilayer smectic structure, with transverse pol
ization PW t . Each bilayer has the orthorhombic 21 22 chiral
symmetry, being formed by two concentric spirals of ellip
basis with vectorsjW andPW t of opposed polarities and differ
ent lengths for two successive layers. Along the spirals thjW

and PW t moduli vary, as shown in Fig. 2~c!. Along z the bi-
layer order is incommensurately modulated with a cons
modulation wave vectorqe, given by Eq.~19!, which de-
stroys the helical rotation 21 and leads to the macroscop
twofold polar symmetry 2. Mesophase III8 differs from me-
sophase III by the onset of a longitudinal component of
polarizationPz

e , and a long wave modulationq8e varying
with T. The symmetry of a bilayer is lowered toP21, and the
macroscopic symmetry becomes triclinic 1@Fig. 4~c!#.
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D. Phase diagrams

The relevant theoretical phase diagrams associated
the molecular systems under consideration are two dim
sional, since one can in general vary not more than two
ternal variables, e.g., the temperatureT and the relative con-
centration in a mixture of two types of molecular subuni
As the regions of stability of the full set of stable states~I–III
and I8–III 8) can be obtained only by varying at least thr
phenomenological coefficients, as for examplea1 , a1, andd
~or b1 or b1), we will consider two-dimensional cuts of th
corresponding three-dimensional phase diagrams, i.e., in
planes (a1 ,a1) and (a1 ,b1) or (a1 ,b1). Minimization of
the full thermodynamic potentialF5*(Fh1Fi)dz with re-
spect to the variational parameters yields the four phase
grams which are shown in Figs. 5~a!–5~d!.

Figure 5~a! shows the respective regions of stability
mesophases I, II, and III in the (a1 ,b1) or (a1 ,b1) phase
diagrams, in the case of an eighth-degree expansion ofFh ,
which is the minimal degree necessary to obtain a sta
mesophase III. This mesophase is separated from
sophases I and II by second-order transition lines, and me
with the isotropic liquid phase at a four-phase ‘‘Landau
point. In order to have a direct transition to mesophase
from the isotropic liquid, one needs to expandFh at least up
to the tenth degree. The corresponding phase diagram sh
in Fig. 5~b! reveals that the transitions to the mesophase
II, and III are, in this case, always first-order@15#.

The regions of stability of mesophases I8 and II8 are ob-
tained in the plane (a1 ,a1), and represented in Figs. 5~c!

FIG. 5. Theoretical phase diagrams obtained by the minim
tion of the thermodynamic potentialF. Solid and dashed lines ar
first- and second-order transition lines, respectively.L is a Landau
point. Tr andN designate tricritical and three-phase points, resp
tively. I1 and I2 ~or II1 and II2) are isostructural phases.



r

t
e-
T
e

e
s
u
to
o

til

ce

t

n

f

ic

th

i-

-

-

e

in
in-
c

-

m-

ents

ear
tilt

ies

-

y-
e
h-

n
a-

ns-
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and 5~d!. The phase diagram of Fig. 5~c! corresponds to a
fourth-degree expansion ofFh , and is obtained either fo
mesophases I and I8 or for mesophases II and II8. One can
verify that the primed mesophases can be reached from
isotropic liquid only across the regions of stability of m
sophases I or II, i.e., across two second-order transitions.
phase diagram of Fig. 5~d! requires a least a sixth-degre
expansion forFh . Here phases I8 and II8 can be reached
from the isotropic liquid across a first-order transition lin
Note that the primed phases separate two distinct region
stability of the unprimed phases corresponding to isostr
tural phases. A direct first-order transition from the liquid
mesophase III8 would require an eighth-degree expansion
Fh . Finally, Fig. 5~e! shows the location in the (a1 ,a1)
plane of phases IV and V, which result from uncoupled
and polar waves, with respect to the phases I~or I8! and II ~or
II 8).

IV. FIELD EFFECTS

In this section we analyze the physical effects produ
by application of an electric fieldEW to the different me-
sophases found in Sec. III. We shall separately examine
effects induced by the application of a longitudinal fieldEz

and of a transverse fieldEW t5ExeW x1EyeW y .

A. Longitudinal field effects

When applying an electric field along thez direction, the
homogeneous free-energy density becomesFh

Ez5Fh

2EzPz , whereFh is given by Eq.~5!. Minimizing Fh
Ez with

respect toPz gives the equilibrium expression

Pz
e~Ez!5x33

o Ez2m x33
o ~Pxjx sinw11Pyjy sinw2!,

~22!

which is the sum of induced and spontaneous contributio
Introducing Pz

e(Ez) in Fh
Ez and minimizing againFh

Ez with
respect to the dephasingsw1 andw2, yields the equations o
state

Pxjx sinw1S d11d3

I 3

4 D1mx33
o cosw1

3@Ez2m~Pxjx sinw11Pyjy sinw2!#50,

~23!

Pyjy sinw2S d11d3

I 3

4 D1mx33
o cosw2

3@Ez2m~Pxjx sinw11Pyjy sinw2!#50.

These equations reveal that mesophases I, II, and III, wh
correspond to sinw i50 and coswi561(i51,2), become un-
stable under the application of a longitudinal field. Therefore
applying such field to mesophases I, II, and III switches
system to the stable mesophases I8, II8, and III8, respec-
tively. In the ‘‘primed’’ mesophases, application of a long
tudinal field preserves the equilibrium relationships sinw1

e

5sinw2
e ~for mesophases I8 and III8) or sinw1

eÞ0 ~for me-
sophase II8), the values ofw1

e andw2
e becoming temperature
he

he

.
of

c-

f

t

d

he

s.

h

e

and field dependent. The unprimed→ primed mesophase
switching under application of finiteEz corresponds to a dis
continuous rotation, of anglew1

e5w2
eÞ(0,p), with respect to

its initial position @w1
e5w2

e5(0,p)# of the transverse com

ponent PW t of the total polarizationPW . Note that above a
threshold fieldEz

e , corresponding to the unwinding of th

helixes in phases I8, II8, and III8, the total polarizationPW is
oriented alongz, and the molecular director is located
average in a direction normal to z. Such configuration co
cides with a biaxial SmA type of phase, with the smecti
planes oriented orthogonally to the (x,y) plane.

B. Transverse field effects

The transverse fieldEW t5(Ex ,Ey) transforms as the irre
ducible representation denotedE1 in Ref. @10#, whose gen-
erating matrices are given in the Appendix. Using the sy
metry properties ofGk̂ andE1 allows the construction of two
coupling invariants between the order-parameter compon
andEW t , which are

I 115~Ex
21Ey

2!~h1h21h1* h2* !;Et
2~Px

22Py
2!, ~24!

I 125ExEy~h1h1* 1h2h2* !;ExEy~Px
21Py

2!. ~25!

Note that the preceding biquadratic forms express nonlin
piezoelectric effects, due to the coupling of the transverse
and polar waves, which result from the different symmetr
of Et andPt .

Minimizing the homogeneous free-energy densityFh
Et

5Fh2I 112I 12 with respect toPx andPy yields the equation
of state

~Px2Py!@a11b1~Px
21Py

2!2b2PxPy sin2 ~wx2wy!

1d2~jx
21jy

2!2d3jxjy cosw1 cosw2

1m2x33
o jxjy sinw1 sinw222ExEy#

1d1~jx cosw12jy cosw1!1d3~Pxjx
2 cos2 w1

2Pyjy
2 cos2 w2!2m2j33

o ~Pxjx
2 sin2 w12Pyjy

2 sin2 w2!

12Et
2~Px1Py!50, ~26!

showing that mesophases I and I8 ~corresponding to the equi
librium relationship Px5Py ,jx5jy ,w15w2) become un-
stable under the application of a transverse field. Therefore,
applying a transverse field switches phases I and I8 to phases
III and III8 (PxÞPy ,jxÞjy), respectively. In other words
the circularly polarized molecular configurations of the la
ers will be elliptically distorted, with the long axes of th
ellipses along the direction of the applied field. The switc
ing from phase I to phase III or from phase I8 to phase III8
will give rise to a remarkablefield induced stratification of a
cholesteric structurewhich to our knowledge has not bee
reported previously in liquid crystal systems. The stratific
tion process may occur continuously when increasingEt
continuously from zero. On the other hand, applying a tra
verse field to mesophases II and II8 will have the effect of
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orienting the direction of the linearly polarized wave alo
the field, i.e., to turn the molecular director and polarizat
around thez direction.

V. SUMMARY AND DISCUSSION

In this paper a phenomenological description has b
made of the mesophases which may arise below a liq
formed from achiral molecules having a transverse dipole
the result of a coupling between their tilt and polar orde
Our results can be summarized as follows

~1! Six stable mesophases have been found, which h
been denoted I–III and I8–III 8. Mesophases I–III corre
spond to tilt and polar waves which are in phase or in ph
opposition, and were predicted theoretically in Ref.@9#. Me-
sophase I has a cholesteric biaxial structure with circula
polarized tilt and polar waves. Mesophases II and III a
bilayer antiferroelectric and ferroelectric smectic structur
respectively associated with linearly and elliptically pola
ized waves. Mesophases I8, II8, and III8 differ from their
unprimed analogs by an arbitrary dephasing between the
and polar waves, which gives rise to a spontaneous ou
plane polarization, having a nonzero longitudinal compon
Pz

e .
~2! Phase diagrams involving the six mesophases s

that mesophases I8–III 8 can be reached from the liquid sta
either across the regions of stability of mesophases I–III,
two second-order transitions, or directly across a first-or
transition.

~3! Assuming slowly varying sinusoidal dependences
the wave amplitudesjx , jy , Px , and Py , as functions of
the z coordinate, the structures of the six mesophases
found to be incommensurately modulated. The modulat
wave vectors can be either constant~for mesophases I–III!,
or vary with temperature~for mesophases I8–III 8).

~4! Under application of a longitudinal electric field, me
sophases I–III become unstable, and the tilt and spontan
polarizations are switched to their configurations in the m
sophases I8–III 8, respectively. When applying a transver
electric field, the cholesteric structures of the mesophas
and I8 are elliptically deformed, and transform into th
smectic structures of the mesophase III and III8. A transverse
field also results in a reorientation of the linearly polariz
waves, in mesophases II and II8.

The preceding results are valid not only for bent shap
molecules of symmetryC2v(mm2), but for any achiral mo-
lecular configuration displaying a transverse polar order. F
ure 6 shows the other possible achiral molecular configu
tions having a transverse polar order. They possess the p
symmetriesCs(m), Cnv(n52,3,4,5, . . . ), andC`v . Note
also that only tilted mesophases have been considered in
study. Nontilted mesophases which may arise below the
uid states, such as the biaxial SmA type phase predicted
theoretically in Ref.@8#, are associated with different equ
librium values of the order-parameter components.

Mesophases I8, II8, and III8 result from the coupling of
the tilt and polar waves, and are stabilized when the ve
productjW3PW t is nonzero, i.e., when the angle between
two vector waves is different than (0,p). Hence the longitu-
dinal polarization componentPz.jW3PW t is due toa nonlin-
n
id
s
.

ve

e

y
e
,

ilt
f-
t

w

ia
r

f

re
n

us
-

I

d

-
a-
lar

ur
-

or
e

ear piezoelectric effectarising from the conjuncted existenc
of dephased tilt and transverse polar waves. Such an e
was already pointed out in chiral antiferroelectric@14# and
ferroelectric@16# liquid crystal systems.

The biaxial cholesteric nature of mesophase I was ov
looked in Ref.@9#, as well as the incommensurate modu
tion of the structure of this mesophase, which destroys
periodicity of the tilt and polar waves (2p/k). On the other
hand, the authors of Ref.@9# stressed the analogy of the
model, based on a single transverse polar wave, with
two-dimensional isotropicd-pairing wave model of super
conductivity discussed by Gufanet al. @17#. One can note
that there is also a one-to-one correspondence between
anisotropicd-pairing wave model examined in Ref.@17# and
the approach proposed by Royet al. @8# for describing the
liquid crystal phases formed from bent shaped molecu
below a SmA phase. In this respect one can show@18# that
the phenomenological approach developed in the presen
per is equivalent in layered superconductors to an exten
d-wave pairing model (d1d8) in which two dephased
d-pairing wave functions are the analogs of the tilt and po
transverse waves. The physical analogs of the spontan
polarization componentPz and associated second-order p
ezoelectric effect are, respectively, a spontaneous pola
tion normal to the superconducting layers and a second-o
magnetoelectric effect@18#, previously discussed in Ref
@19#.

Let us briefly compare the experimental results wh
have been reported for the structures of the mesoph
formed from bent shaped molecules~labeledB1 –B7 follow-
ing a recent proposed nomenclature@20#! with our theoreti-
cal results. Although there exists, at present, only a par
understanding of those structures@5#, the following observa-
tions can be made.

~1! A possible candidate for realizing the biaxial chole
teric structures~mesophases I and I8) predicted in our ap-
proach is the so-calledB7 phase@5,21#, which is found in
nitrosubstituted compounds, and obtained by fast coo
from the liquid. No layer order was reported for this pha
which shows unusual textures~which are not comparable
with the textures of the otherB mesophases! with circular
domains growing like a spiral. Such domains are reminisc
of a cholesteric structure@22#. The helicoidal structure of the
B7 phase contains an equal number of right-and-left-han

FIG. 6. Illustration of the molecular symmetriesCs ,Cnv(n
52,3,4,6) andC`v , with transverse polar order.
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helicoidal domains@5# that would coincide with the in-phas
and opposed-phase configurations predicted for mesopha

~2! In the structure of theB6 phase, which is a tilted
smectic phase without in-plane order, the layer spacing
been found to be smaller that the half length of the molecu
@5#. This property coincides with the prediction of the inte
layer distance found for the smectic structures of mesoph
II, III and II 8, III 8, which is half the period of the transvers
waves, corresponding to a full rotation of the molecu
around thez axis.

~3! The B2 mesophase, which has been the most inve
gated of theB mesophases†and has been designated
SmAb(7), SmCPA(4), SmX1 @23#, andM1 @24#‡, possesses
a number of features which also characterize mesophase8
and II8 in our study. Thus, it is a biaxial tilted smectic pha
having a bilayer antiferroelectric order@3–5,25# with a typi-
cal antiferroelectric switching behavior, the switched st
being found to be independent of the polarity of the elec
field @26#. Regions where the texture of the switched state
different for the opposite sign of the applied electric fie
were also reported@4#, that may correspond to the mes
scopic domains of opposed polarization into which m
sophase II8 may split. Sekineet al. @7# also suggested a hel
coidal structure, with helixes of both handedness, that wo
y,

k

rk

i,

Y

e I.

as
s

es

s

ti-

II

e
c
is

-

ld

correspond to coexisting in-phase and opposed-phase
figurations for the mesophase II8.

MesophaseB1, which appears below the isotropic phas
andB5, which is obtained on cooling theB2 phase, seem to
possess a two-dimensional in-plane order@5#, and therefore
are out of the framework of the present study. This is also
case for theB3 andB4 phases, which are assumed to disp
a crystalline type of order@5#.
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APPENDIX

In this appendix we give the generating matrices ass
ated with the irreducible representationGk̂ , Ek, andE1, la-
beled as in Ref.@10#, which allow one to construct the bas
and coupling invariants used in our approach. The symm
operationsCw , svw , and I denote, respectively, a rotation
anglew around thez axis, a vertical plane turned by an ang
w with respect tox axis, and the inversion.
$Cwukz% $svwukz% $I u0%

Gk̂ F eiweikz 0

e2 iwe2 ikz

eiwe2 ikz

0

e2 iweikz

G F e2iwe2 ikz 0

e22iweikz

e2iweikz

0

e22iwe2 ikz

G 3
1

0

1

1

0

1

4
Ek Feikz

e2 ikzG Feikz

e2 ikzG F 1

1 G
E1 Feiw

e2 iwG F e2iw

e22iw G F21

21G
e
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